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Abstract
Theoretical approaches to form factors of semileptonic decays are discussed in
application to B → D + l + ν¯l decay.
HQET AND SEMILEPTONIC FORM FACTORS
ARKADY VAINSHTEIN
Theoretical Physics Institute, University of Minnesota
and
Budker Institute of Nuclear Physics, Novosibirsk
Theoretical approaches to form factors of semileptonic decays are discussed in
application to B → D + l + ν¯l decay.
1 Outline
Heavy Quark Effective Theory (HQET) 1 is a powerful approach to the pro-
cesses involving heavy flavor hadrons and, in particular, to the study of form
factors of semileptonic decays (see reviews 2). From a field-theoretical stand-
point, the HQET is a particular example of construction based on a more
general notion of Wilson Operator Product Expansion (OPE) or Wilson effec-
tive action 3, to which I mainly refer.
The outline of the talk is as follows:
• Heavy flavor decays as short distance probes. Total semileptonic widths
• From inclusive to exclusive: bounds for B → D∗ leading form factor
• Subleading B → D∗ form factors
• Some recent developments
• Conclusions
2 Heavy Flavor Decays as Short Distance Probes
The quark picture of semileptonic B meson decay B → D+ e+ ν¯e is presented
by Fig. 1. (Better to put B¯ but I will systematically neglect by bar on B.)
The specific feature of heavy flavor states is that they contain a heavy quark Q
which could be viewed as an almost static object (in the rest frame of hadron).
Thus these states can be considered as ground states of light flavor QCD in
the presence of static source of gluon filed. A relevant theoretical parameter is
ΛQCD
mQ
≪ 1 . (1)
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Figure 1: Semileptonic B → D + e+ ν¯e decay
An immediate consequence is so called spin-flavor symmetry, i.e., an indepen-
dence on heavy quark spin and flavor in the large mass limit where the relation
(1) holds.
However, the characteristic size of heavy flavor hadron is of order 1/ΛQCD
and the structure of heavy flavor states as well as that of the QCD vacuum
is governed by nonperturbative dynamics in strong coupling regime. To see a
simple underlying quark-gluon structure at short distances, where the strong
interaction becomes weaker one needs a short distance probe. Heavy flavor
decays, particularly the ones inclusive over final hadrons, provide such a probe.
This probe is similar to the famous ratio R for the inclusive cross section
of hadron production with a substitution of QCD vacuum by a heavy flavor
hadron. This comparison is illustrated by Figs. 2 and 3. Fig. 2 is for the
process of e+e− inclusive annihilation into hadrons, its cross section is given
by
R =
σ(e+e− → hadrons)
σ(e+e− → µ+µ−) = Ncolors
∑
q
Q2q [1 +O[αS(W )] + . . .] , (2)
in the limit of high total energy W , i.e., when W ≫ ΛQCD. Fig. 3 presents
semileptonic decays of B meson inclusive over nonstrange hadrons in the final
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Figure 2: e+e− annihilation into hadrons (inclusive)
state (b→ u transition in terms of quarks),
ΓubSL =
∑
Xu
Γ(B → Xueν¯) = G
2
F
192π3
m5b |Vub|2 [1 +O[αS(mb)] + . . .] (3)
in the limit of large mass of b quark, mb ≫ ΛQCD.
In both examples the leading term is given by partonic description of the
process where only hard momenta count and an influence of soft background
of quarks and gluons in the vacuum and in B meson is strongly suppressed.
Theoretical basis of quark-hadron duality is not trivial and based on two no-
tions:
(i) Wilson Operator Product Expansion 3. The expansion takes place at large
Euclidean momenta where no hadron can be produced. The OPE means a
factorization of short and large distances in Euclidean domain.
(ii) Dispersion relations. Based on causality dispersion relations express certain
integrals over observable cross sections (in Minkowski domain) as correlators
at Euclidean momenta.
The construction described allows for calculation of corrections to the
leading partonic term, both perturbative, [αS(mb)]
n, and nonperturbative,
[ΛQCD/mb]
k. For the semileptonic total width (3) it results in
ΓubSL =
G2Fm
5
b |Vub|2
192π3
[
1− 2αS
3π
− µ
2
pi
2m2b
− 3µ
2
G
2m2b
]
(4)
3
soft valence and sea quarks and gluons
e
ν
u
bb
Figure 3: Inclusive width of B → Xueν¯ decays
where power corrections 4 are defined by parameters µ2pi and µ
2
G. The first one,
µ2pi, has the meaning of mean value for momentum square of b quark inside of
B meson,
µ2pi = 〈B|b¯~π2b|B〉 ≈ 0.6± 0.1 GeV2 . (5)
The value given is due to theoretical estimate5, the direct determination is not
done yet. The second parameter, µ2G, measures chromomagnetic interaction
with the spin of heavy quark, so its value is fixed by spin splitting in B, B∗
system,
µ2G = 〈B|b¯
i
2
σµνGµνb|B〉 = 〈~σ ~B〉 = 3
4
(M2B∗ −M2B) ≈ 0.36GeV2 . (6)
3 From Inclusive to Exclusive
The decays B → D∗lν¯l and B → Dlν¯l produce about 2/3 of the total semilep-
tonic width. The suppression of production of higher states can be understood
as due to a closeness to the point of zero recoil. In other words, hadrons in
the final state are slow moving. The point of zero recoil, where the spatial
momentum ~q = 0, is a special one in the case of heavy quark in the final state.
The quark-hadron duality takes place at this point in spite of small momentum
transfer. It is a remarkable case where OPE works up to large distances (in
4
case of light quarks a similar phenomena shows up in the axial current anomaly
and in the certain term of OPE for the product of two axial currents).
The theoretical knowledge of the amplitude of B → D∗lν¯l decay at zero
recoil is used, in particular, for an extraction of |Vcb| from the data. The
crucial for this extraction question is about a theoretical accuracy of HQET
predictions.
Let us start with kinematics of the decay. There are four invariant form
factors describing the transition 2,
〈D∗|~V − ~A|B〉 = √mBmD∗ hA1(w) [−(w + 1)~eD∗+
wR1(w)i~vD∗ × eD∗ + wR3(w)~vD∗(~vD∗ · ~eD∗)] , (7)
〈D∗|V0 −A0|B〉 = √mBmD∗ hA1(w) (~vD∗ · ~eD∗) [−(w + 1) +
R2(w)
mB
mD∗
−R3(w)
(
mB
mD∗
− 1
)]
, (8)
where matrix elements of V −A current are written separately for spatial ~V − ~A
and timelike V0 −A0 components and
w =
ED∗
mD∗
=
√
1 +
~q2
m2D∗
, ~vD∗ = − ~q
mD∗ w
. (9)
The hA1(w) form factor is the only one contributing at zero recoil. Subleading
(in terms of their contribution to the amplitude near zero recoil) form factors
are introduced in the form of their ratios Ri to the leading one. In the HQET
limit these ratios go 1,
R1(w) = R2(w) = R3(w) = 1 (at mb,mc →∞) (10)
3.1 Zero Recoil Sum Rule
The amplitude at zero recoil is defined by hA1(1) as discussed above. To get
its value let us write down the sum rule 6 for inclusive transitions B → Xclν¯l
at zero recoil, ~q = 0,
|hA1(1)|2 +
∑
mD∗<mXc<mD∗+µ
|hn(1)|2 = ξA(µ)−∆1/m2 +O
(
1
m3
)
. (11)
The states Xc produced at zero recoil are D
∗ and its radial excitations and
hn(1) are analogs of hA1(1) for radial excitations. The production of excitation
5
is suppressed in the heavy quark limit, hn(1) ∼ 1/m and the sum in the l.h.s. of
Eq. (11) is of 1/m2 order. At the r.h.s. the quantity ξA(µ) gives a perturbative
part and has the form
ξA(µ) = 1+2
αS
π
[
mb +mc
mb −mc ln
mb
mc
− 8
3
]
+
2
3
αS
π
µ2
[
1
m2c
+
1
m2b
+
2
3mbmc
]
(12)
Let me note here that the full calculation of the α2S corrections was recently
performed 7. It turned out to be a small change as compared with the value
taken from the BLM procedure. Numerically the result for ξA is
ξA(µ = 0.5mc) = 0.99± 0.02 (13)
The quantity ∆1/m2 presents nonperturbative effects which are of the sec-
ond order in 1/m, Eq. (11) contains no corrections of the first order in 1/m in
correspondence with Luke theorem 11,
∆1/m2 =
µ2G
3m2c
+
µ2pi − µ2G
4
[
1
m2c
+
1
m2b
+
2
3mbmc
]
. (14)
Numerically it is about 0.1 which is not a small effect, particular for the quan-
tity of the second order in 1/m.
The most uncertain in the use of sum rule (11) for theoretical evaluation
of hA1(1) is the sum over excitation. In the absence of direct experimental
information the natural assumption would be to say that the sum is comparable
with ∆1/m2 . Indeed, the origin of ∆1/m2 can be traced to the contribution of
the highly excited states with the excitation energies of order of mc while the
sum under consideration refers to less excitation energies. If some kind of
continuity exists then an assumption∑
mD∗<mXc<mD∗+µ
|hn(1)|2 = (0.5± 0.5)∆1/m2 (15)
seems reasonable for the range of µ ∼ 0.5mc.
Summarizing numerical estimates we get (see Ref. 8 for details)
hA1(1) = 0.91− 0.013
µ2pi − 0.5GeV2
0.1GeV2
± 0.02excit± 0.01pert ± 0.0251/m3 (16)
where the uncertainties are marked by the their sources. Overall,
hA1(1) = 0.91± 0.06 , (17)
6
what leads to the 6% uncertainty in the |Vcb| extraction from the exclusive D∗
production at zero recoil. The theoretical uncertainty is less by about a factor
of two in the determination of |Vcb| from inclusive production 8. The difference
is due to the fact that the inclusive approach is much less sensitive to power
in 1/mc corrections which are the main source of corrections discussed above.
Indeed, for inclusive widths an expansion in powers of 1/mb exists even for a
small mass of final quark.
4 Subleading Form Factors
In difference with hA1(1) form factors R1(1), R2(1) and R3(1) are not protected
against corrections of the first order in 1/m at zero recoil. For this reason they
can deviate from unity (HQET limit) quite considerably. Theoretical estimates
of Ref. 9 for R1(1), R2(1) are
R1(1) ≈ 1 + mD ∗ −mc
2mc
+
mB ∗ −mb
2mb
≈ 1.35 ; R2(1) ≈ 0.79 . (18)
The theoretical expression for R1(1) is presented in somewhat simplified form
to demonstrate that the quite considerable deviation from the HQET value
comes from the 1/mc correction. The predictions (18) are consistent with
CLEO experiment 10 where form factors were measured,
R1 = 1.18± 0.30± 0.12 ; R2 = 0.71± 0.22± 0.07 . (19)
If corrections of the first order in 1/mc are so large,then the natural ques-
tion to ask is about a magnitude of 1/m2c corrections. The method of sum
rules discussed in the previous part for hA1(1) can be applied to get informa-
tion about other form factors. Using a set of sum rules from Ref. 12 I came to
the following estimate for the 1/m2 correction to R2(1)
[∆R2(1)]1/m2 ≈
µ2G
m2c
(
mB
mD∗
− 1
) (1 + mc
3mb
)
≈ 0.15 (20)
The size of the correction is larger that the one of the first order in 1/m given
by Eq. (18), thus the series in powers of 1/m does not look as a convergent
expansion. The lesson is that one should be cautious with powers of 1/mc.
5 Some Recent Developments
This is a brief mention of a few recent studies relevant to the topic:
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• Constraints for form factors following from inclusive sum rules are ex-
plored for different semileptonic decays 13. It results in upper and lower
bounds for transitions of B meson to D, D∗, ρ, π, ω, K and
• Inclusive sum rules following from polarization operator of the semilep-
tonic current are used to put a new type of bound for the cross channel
(like BD) and in this way to the form factors 14.
• Extraction of |Vub| from exclusive modes 15. Using the set of transitions,
B → ρ, B → K∗, D → ρ, D → K∗ it is possible to diminish considerably
a model dependence.
• Semileptonic B decays to excited states 16. This interesting development
is presented at this conference by Zoltan Ligeti (see his talk).
6 Conclusions
• The theory of semileptonic decays is in a good shape
• The main source of theoretical uncertainties is in the (1/mc)n corrections,
not in the perturbative ones
• Convergence of exclusive and inclusive approaches
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